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1 Question 1

Based on the data above, is the assumption of zero-mean Gaussian noise reasonable? What values of the
variances, @ and Ry, should we use?
The noise variables are defined as follows:

Wk ~ N(07 Qk)a
nk ~ N(0, RY).
Answer:
Given the nonlinear motion model:
T Tr_1 cos(fx-1) O
Uk
e | = |yk—1| T 71 |sin(fx—1) O ( + wg)
Wi
O Or—1 0 1

where T is the sampling time, vy and wy are the translational and rotational speeds of the robot, and
Wi = [Wy,k, Wy k] represents the process noise which is assumed to be zero mean Gaussian white noise with
covariance matrix Q.

Given the nonlinear observation model:

rt V(@ =z — dcos(0;))2 + (yi — yx — dsin(0))2 ;

l - : + "
(bk atan?(yl — Yk — dsm(Gk), Ty — Tk — dCOS(ak)) — 0k

where nt, = [n! nl¢ &) represents the observation noise which is assumed to be zero mean Gaussian white noise
with covariance matrix R.

1.1 Process Noise Covariance ()
The process noise covariance matrix @y is associated with the uncertainties in the robot’s motion. Specifically,

these uncertainties are related to the translational speed v and the rotational speed w of the robot.

o2 0 Vyar 0 0.0044 0
Qr = = = (1)
0 o2 0  omyar 0 0.0082
Where:

e o2 is the variance of the translational speed. This represents the uncertainty in the robot’s forward motion
and is given by the variable v var in the dataset.

e 02 is the variance of the rotational speed. This represents the uncertainty in the robot’s rotational motion
and is given by the variable om var in the dataset.

1.2 Measurement Noise Covariance R}

The measurement noise covariance matrix R} is associated with the uncertainties in the laser rangefinder
measurements. Specifically, these uncertainties are related to the range r and the bearing ¢ to the landmarks.

R o 0 Tvar 0 9.0036 x 10~* 0 @
L= = =
0 o 0 byar 0 6.7143 x 104

Where:

e o2 is the variance of the range measurement. This represents the uncertainty in the distance measurement
from the robot to a landmark and is given by the variable r var in the dataset.



. Ji is the variance of the bearing measurement. This represents the uncertainty in the angular measurement
from the robot to a landmark and is given by the variable b var in the dataset.

where vy,qr, 0Myq, are the variances of the process noise affecting the robot’s transnational and rotational odom-
etry measurement inputs states, and 7yay, byar are the variances of the range and bearing readings, respectively.

2 Question 2

Write out expressions for all the Jacobians (of the motion and observation models) that are required in the
extended Kalman filter.

Answer:

The Extended Kalman Filter (EKF) linearizes the nonlinear motion and observation models about the current
estimate using the first-order Taylor expansion, requiring the computation of the Jacobians.

2.1 Jacobian of the Motion Model

Given the nonlinear motion model:

Ty Tr_1 cos(fx—1) O cos(fx—1) O

Vg Wk1
ye | = |yk—1| T 71 |sin(@x—1) O +T [sin(fx_1) O

Wk W2
0 01 0 1 0 1

The process noise and is distributed as wy ~ N (0, Q).

To linearize this model, we compute the Jacobian of f with respect to wy evaluated at Zp_1, vy, 0.
We derive the Jacobian matrix with respect to the state vector [x,y, 8]7:

Bxk Bxk Bxk
8 6:% 6yk Bek
f _ Oy Yk Yk

[olol8 90y 90y

oz oYk 00y,

Computing each term:
For x:

al‘k
dxy,
al'k
Oy
8xk

96, = —Tvy sin(0g—_1)

For y;:

Ak
8:%
e
Oy
Oy
80y,

=0
=1

= Ty, cos(Ox—_1)



For 0:

o0,
T
00,
£ -0
3yk
00,
/% 1
00,

Combining these results, the Jacobian matrix is:

1 0 —T’Uk sin(@k,l)
0 1 Tugcos(0r-1)
0 0 1

of _

Dy,

From the Jacobian of the noise term, we can derive that:

BIk axk
Owrr  Owga
OF _ | o ow
Owy, Qw1 Owpe
005 00
Owgr  Owke
For wy 5
Tk
= Ty, cos(0x—1)
8wk1
8$k o
8wk2
Ok
= Tvk sin 9k—1
Bwns (Or—1)
For wp.o p
Y
8wk2
90,
Owp
00,
Owga

Substituting these values in, we get:

Ty, cos(0x—1)

0

of :

o Tusin(@r—1) 0O
0 T

This Jacobian matrix is denoted as W.
Now, wyj, is given by:
wy, = Wwy,

Given the Jacobian matrix W and the noise covariance matrix @, the expression for Q) is:

Qr =WQw"
Multiplying out the matrices, we get:
T2vm,«vl2C cos?(Or_1) T%mrv,% cos(0k—1) sin(fx—1) 0
QL = | T?vyarv} cos(By_1) sin(fy,_1) T2Vyarv3 sin® (05 1) 0
0 0 TQOmvar

This is the expression for @}, in matrix form.
Where @)y is the covariance matrix of wy.



2.2 Jacobian of the Observation Model

The observation model z, = h(xy) + ny, relates the state xj, to the observed range and bearing (rx;, %) through
the nonlinear function h:

rfc \/(acl —x — dcos(0;))? + (y; — yr — dsin(6y))? Ny

= +
gzﬁi atan2(yl — Yk — dsin(@k),a:l — Ty — dCOS(Qk)) — O N

Derivation for rﬁcz

1. With respect to xj:
87"§C B x — x; + dcos(f)

oz \/(xl — 1z — dcos(0r))? + (y; — yr, — dsin(0))>?

2. With respect to yy:
ary, Yk — Y1 + dsin(6y)

oy \/(xl — 1z — dcos(0k))? + (y; — yr — dsin(f))>?

3. With respect to 0j:

% _ (Ik —x + dCOS(Gk))dSin(ek) + (yk -y + dSin(ek))dCOS(ek)
00y, V(@ =z — dcos(0x))2 + (yi — yx — dsin(0))2

Derivation for ¢!:

1. With respect to z:
¢y, _ Y1 — Y — dsin(6y)
Oxr, (v —xp — deos(0k))? + (yi — yr — dsin(by))?

2. With respect to yy:
% o —x; + X + dCOS(Qk)

Oy (2 — 2 — dcos(0))? + (v — yr — dsin(6g))?

3. With respect to 0y:

% -1 d(y1 — yx) cos(0y) — d(x; — ) sin(6y,)

00y, o (:L'l — T — dCOS(@k))2 + (yl — Y — dSiH(@k))2

Jacobian Matrix Gj:
Combining the above partial derivatives, we get the Jacobian matrix Gy:

ok ok orl
_ | 9z Oyr Ok
Ck= ook osh ool
T T
The noise term ny, is added directly to the observation, so the Jacobian of the observation model with respect
to the noise term is an identity matrix:

8n;€ 0 1
Given that nj, = Hny, we have:
, 1 0| |[n, Ny
’)’Lk = =
0 1 n¢, Ny
The covariance of nj, is given by:
!l T



Given:

Ri} _ rvar 0
0 bVa!’
Substituting in the values, we get:
1 0 T'var 0 1 0 T'var 0
R, = & =™
0 1 0  byar| |0 1 0  Dbyar

This is the expression for R} in matrix form.

3 Question 3

Modify and write out the equations of the extended Kalman filter, modified to handle a variable number of
exteroceptive measurements at each timestep.

Answer:

When there’s a variable number of exteroceptive measurements at each timestep, the EKF’s update step needs to
be executed for each available measurement. This is because each measurement provides a unique observation
about the state of the system, and the EKF should incorporate all available information to refine its state
estimate.

3.1 Prediction Step

Predict the state:
Zr = f(@r—1,0k,0) (3)

Predict the covariance: § R
P, =Fy 1Py FL + Q) (4)

3.2 Update Step for Each Exteroceptive Measurement
lth

For each available exteroceptive measurement [ at timestep k: Compute the Kalman gain for the measure-
ment: 1
Kj =BGl (GLP.GII + R)) (5)
Update the state estimate using the I** measurement:
&k =k + K, (yi — (&, 1)) (6)
Update the covariance estimate: . }
Py = (I - KLHL)P, (7)

In this step, we can either loop through each valid measurement individually. (Valid measurement requires to
be non-zero and less than the 7,4, value)

3.3 Jacobian Matrices I' and G
Given the state transition function:
f(@r—1, vk, W)
and the measurement function:
g(xr, )
The Jacobian matrices F' and G are derived as:

5f($k—17 Vg, 'wk)

Fr_1 = 8
' O Tp—1=Tp—1,0k,wp=0 ( )
8g(xkank)
Gh= =5 (9)
Lk T ==Tk,nE=0




3.4 Modified Covariance Q'

From the provided notation, the modified process noise is given by:

W — Of(xp—1, vk, wy)

dwy, T 1=k 1,0k, wk=0
Given the noise distributions:
w~ N(0,Q)
w’' ~ N(0,Q")
The modified covariance @’ is derived as:
Q' =uw'Qu'™ (10)

The modification of the EKF to this problem is that in the measurement model, the size of the matrix is
dependent on the number of valid measurements there are. Before going through the last three steps on the
EKF algorithm, the range value is first checked if it is non-zero and smaller than the required 7,,4,. If both
conditions satisfy, the posterior for x and P processed to update.

4 Question 4

Write a MATLAB or Python script to compute an estimate of the robot poses, &, = (xg, yx, %), using the
extended Kalman filter. Your code should be able to artificially limit itself to only use range/bearing landmark
observations for which the range is less than a user-defined threshold, ryax [m]. Note, the true robot position,
xk = (Tk, Yk, Ok ), is contained in the Tirye, Ytrue, and Oirye arrays.

Instructions and Requirements

1. Use &9 = z9, Py = diag{1,1,0.1} as the initial condition (i.e., the estimator mean starts with the right
answer). Plot the following quantities on the same axes:
e The error, &3 — x vs. tx, as a solid line.
e The uncertainty envelope, +30, vs. tx, as two dotted lines. Note, the variance, o2, can be extracted

from the diagonal of the covariance matrix, P,.

Make one plot for each value of r,,x = 5,3,1. Repeat for y and . That’s 9 plots in total.

Answer:

For the Extended Kalman Filter derivation, we have iterated the last three steps for each valid measure-
ment. The experiments were conducted with maximum range values for the measurements set to ry.x = 5,
3, and 1, respectively. The results from the plots can be summarized as follows:

e The error, denoted as &y — xg, is plotted against ¢; as a solid line.

e The uncertainty envelope, represented by +30,, is plotted against ¢ as two dotted lines. The
variance, 02, is extracted from the diagonal of the covariance matrix, P.

e A total of nine plots were generated, three for each state variable (z, y, and ), with each plot
corresponding to one of the 7,5 values.

From the plots, we can infer the following:

e Having a higher number of measurements (i.e., a larger ryax) significantly enhances the accuracy of
the estimates.

e Even with sparse measurement data, the Extended Kalman Filter is robust enough to adjust and
converge swiftly to the ground truth.

e The pose estimate accuracy achieved by incorporating the measurements is substantially better than
relying solely on the motion model.
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Figure 1: Plot of the estimated pose of the robot given r,,q.
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Figure 3: Plot of the estimated pose of the robot given 7,4, = 1, with the initial condition given as Zy;ye

2. Repeat (a) with 9 = (1,1,0.1), i.e., a poor initial condition. See how far you can push the initial condition
away and still have your estimator converge.

Answer:
We have conducted experiments with various initial conditions for the estimation problem. Specifically:

(a) The first experiment utilized an initial condition of Zy = (1,1,0.1).
(b) The second experiment set the initial condition to &y = (10, 10, 10).
(c¢) Lastly, the third experiment pushed the initial condition to an extreme with &y = (9999, 9999, 9999).

From the results visualized in the plots, we can draw the following conclusions:

e Even when starting with a poorly estimated initial condition, the estimator converges to the correct
value in a relatively short number of iterations.

e The rate of convergence is influenced by the number of measurements available. Specifically, with
a higher number of measurements, the estimator converges faster compared to scenarios with fewer
measurements.

This experiment demonstrates the robustness of the estimator, even when initialized far from the true
state.
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Figure 6: Plot of the estimated pose of the robot given 7,,,, = 1, with the initial condition given as x;pi; =

[1;1;0.1]
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Figure 7: Plot of the estimated pose of the robot given 7,,,, = 5, with the initial condition given as x;p;; =
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Figure 9: Plot of the estimated pose of the robot given 7,,,, = 1, with the
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Figure 10: Plot of the estimated pose of the robot given r,,,, = 5, with the initial condition given as x;n;; =
[9999; 9999; 9999
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Figure 11: Plot of the estimated pose of the robot given r,,,, = 3, with the initial condition given as x;,;; =
[9999; 9999; 9999
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Figure 12: Plot of the estimated pose of the robot given r,,,, = 1, with the initial condition given as x;n;; =
[9999; 9999; 9999

3. Repeat (a) where you evaluate all the Jacobians at the true robot state, xy, instead of the estimated robot
state, &). This is the CRLB version of the EKF. Contrast this to (a).

Answer:

The Extended Kalman Filter (EKF) linearizes nonlinear system dynamics using Jacobians. The point of
linearization significantly influences the EKF’s performance.

(a) Evaluation Using Estimated State, &:

e Assumes the current estimate is close to the true state.
e Errors in the estimate can propagate, affecting filter performance.

(b) Evaluation Using Ground Truth, xj:

e Provides "perfect” linearization, representing the EKF’s best possible performance (Cramér-Rao
Lower Bound, CRLB).

e Avoids errors introduced by imperfect linearization.

The primary difference between the two approaches is the point of linearization. While the standard
EKF uses its best guess (the estimated state), the CRLB version uses the actual state. As a result, the
CRLB version of the EKF often provides more accurate state estimates, especially in scenarios where the
system’s dynamics or measurements are highly nonlinear. However, in real-world applications, the true
state is typically unknown, making the standard EKF approach more practical. The CRLB version serves
as a benchmark, indicating the best possible performance under ideal conditions.

In conclusion, using the ground truth robot state for Jacobian evaluation in the EKF provides insights into
the filter’s optimal performance. It showcases the importance of accurate linearization in state estimation
and highlights potential areas for improvement in the standard EKF approach. While the CRLB version
offers superior performance, it’s essential to recognize its theoretical nature and the challenges of achieving
such performance in real-world scenarios.
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Figure 13: Plot of the estimated pose of the robot given r,,,, = 5, with the initial condition given as x;,;; =
[1;1;0.1], and the Jacobians evaluated at 2y using CRLB method
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Figure 14: Plot of the estimated pose of the robot given r,,,, = 3, with the initial condition given as x;,;; =
[1;1;0.1], and the Jacobians evaluated at 2y using CRLB method

14



Error in x with EKF

Erorm]

Time s

Erroriny with EKE

Enorm)

Time 5]

Error in 0 with EKF

s
o 20 o0 0 00 1000 1200 1200
Time 5]

Figure 15: Plot of the estimated pose of the robot given r,,,, = 1, with the initial condition given as x;n;; =
[1;1;0.1], and the Jacobians evaluated at 2y using CRLB method

5 Question 5

Create an animation of your EKF estimate for the case rn.c = 1 and Zg = xo, ]50 = diag{1,1,0.1}. The
animation should clearly display the following information:

e True landmarks positions, represented by static dots (black).
e True robot position, (zg, yx), depicted as a moving dot (blue).
e Estimated robot position, (&, k), depicted as a moving dot (red).

e 3-sigma covariance ellipse, using the top-left 2 x 2 submatrix of Py,. This ellipse should be centered on
the estimated robot position. It is desired to observe that the true robot position stays within this ellipse,
although it might not always do so. Represent this with a moving ellipse (red).

The completed animation should be submitted as a movie file compatible with standard media players, such
as VLC. Ensure the content is clearly visible and the animation reflects the real-time estimation process of the
EKF.

Answer:

Check for the attached video in the zip file.

15



10

11

12

13

14

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

Appendix - MATLAB Source Code

clear all;
clc;

%% Load the dataset
load dataset2.mat;
who ;

%% Estimating for robot pose x

% Initial conditions

x0_est = [x_true(1l); y_true(l); th_true(l)]; % a good estimate of the robot pose
% x0_est = [1; 1; 0.17;

PO = diag([1, 1, 0.1]);

% Placeholder for EKF results
x_posterior = zeros(3, length(t));
P_posterior zeros (3, 3, length(t));

x_open_loop zeros (3, length(t));

% EKF initialization
x_posterior(:, 1) = x0O_est;
P_posterior(:, :, 1) = PO;

landmarks = 1; % After loading the dataset

% Define constants
T = 0.1; % Assuming a sampling period of 0.1s

% Process noise covariance matrix
Qk = [v_var, O;
0, om_varl];

% Measurement noise covariance matrix
Rk = [r_var, O;

0, b_varl];
rmax = 5; 7% or any other value you want to set as the threshold
pose_true = [x_true, y_true, th_truel]';
x_open_loop(:, 1) = pose_true(:, 1);

CRLB = false;

theta_open_loop = 0;
for k = 2:length(t)
x_open_loop (1, k)

x_open_loop(l, k-1) + T * cos(theta_open_loop)*v(k);
x_open_loop (2, k) x_open_loop(2, k-1) + T * sin(theta_open_loop)*v(k);
x_open_loop (3, k) wrapToPi (x_open_loop (3, k-1) + T * om(k));
theta_open_loop = x_open_loop (3, k);

end
%% EKF with stack

for k = 2:length(t)
% Initialize measurement matrix and Jacobian for each time step
Z_pred = [];
Z_actual = [];
Z_error = [];

16




61

62

63

64

66

67

68

69

70

71

72

73

74

75

76

T

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

102

103

104

106

Gk_stack = [];
Rk_stack [1;
update_status = false;

% Prediction step

if CRLB == true

theta_posterior = th_true(k-1);
else

theta_posterior = wrapToPi(x_posterior (3, k-1));
end

Fk = [1, 0, Txv(k)*sin(theta_posterior);
0, 1, T+*v(k)*cos(theta_posterior);
0, 0, 11;

% Update Qk matrix

Qk = [T"2*v_var * v(k)“"2 * cos(theta_posterior) "2,

T"2*v_var * v(k)"2 * cos(theta_posterior) * sin(theta_posterior),
0;

T"2*v_var * v(k)“~2 * cos(theta_posterior) * sin(theta_posterior),
T"2*v_var * v(k)"2 * sin(theta_posterior) "2,

>

-

0
0
0,
T~ 2%om_var];

%% Predictors:

% Calculate x prior

x_prior = x_posterior(:, k-1) + T * [cos(theta_posterior)*v(k); sin(
theta_posterior)*v(k); om(k)];

% calculate x when it is only based on the motion model:

x_open_loop(l, k) = x_open_loop(l, k-1) + T *x cos(x_open_loop(3, k))*v(k);
x_open_loop (2, k) x_open_loop(2, k-1) + T * sin(x_open_loop (3, k))*v(k);
x_open_loop (3, k) x_open_loop (3, k-1) + T * om(k);

x_open_loop (3, k) wrapTo2Pi(x_open_loop (3, k));

% Calculate P prior
P_prior = Fk * P_posterior(:, :, k-1) * Fk' + Qk;

% Update the theta before calculating the measurement matrix
if CRLB == true
theta_prior = th_true(k);
x_prior = pose_true(:, k);
else
theta_prior = wrapToPi(x_prior(3)); /) make sure that the prior theta is
bounded b/w -pi and pi
end

for 1 = 1:size(r, 2)
if r(k, 1) < rmax && r(k, 1) "= 0
update_status = true;

% Calculate the position of the laser range finder
x_1lrf = x_prior(1l) + d * cos(theta_prior);
y_1lrf = x_prior(2) + d * sin(theta_prior);

% Calculate the difference between the landmark and the LRF
dx = landmarks(l, 1) - x_1rf;

dy = landmarks(l, 2) - y_lrf;

d_1lrf = sqrt(dx"2 + dy~2);
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% Jacobian matrix Gk

Gk = [ (x_1lrf - landmarks(l, 1))/d_1rf,

(y_1lrf - landmarks(l, 2))/d_1rf,
(d*sin(theta_prior)*(x_lrf - landmarks(l, 1))

- d*cos(theta_prior)*(y_lrf - landmarks(l, 2)))/d_1lrf"2;
(landmarks (1, 2) - y_lrf)/d_lrf"2,

-(landmarks (1, 1) - x_1lrf)/d_1lrf"2,

-1 - (d*cos(theta_prior)*(landmarks(l, 2) - y_1lrf)

+ d*sin(theta_prior)*(landmarks(l, 1) - x_1lrf))/d_1rf"2];

% Update Rk matrix
Rk = [r_var, 0;
0, b_var];

% Predicted and actual measurements

z_pred = [d_1lrf; wrapToPi(atan2(dy, dx) - theta_prior)];
z_actual = [r(k, 1); b(k, 1)];

z_error = wrapToPi(z_actual - z_pred);

% Stack the measurements and Jacobians
Z_pred = [Z_pred; z_pred];
Z_actual = [Z_actual; z_actuall;

% Z_error = [Z_error; z_errorl];

Gk_stack = [Gk_stack; Gk];
Rk_stack blkdiag (Rk_stack, Rk);

end
end

if update_status true
disp ([ 1
% Kalman Gain:
Kk = P_prior * Gk_stack' * inv(Gk_stack * P_prior * Gk_stack' + Rk_stack);

% Corrector:
z_error_old = Z_actual - Z_pred;
% z_error (2:2:end) = z_error(2:2:end); % Adjust the sign of the error term
for bearing angles

x_pred = x_prior + Kk * z_error_old;
P_pred (eye(3) - Kk * Gk_stack) * P_prior;

% Ensure theta is between -pi and pi
x_pred(3) = wrapToPi(x_pred(3));

x_posterior(:, k) = x_pred;
P_posterior(:, :, k) = P_pred;

else
x_prior (3) = wrapToPi(x_prior(3));
x_posterior(:, k) = x_prior;
P_posterior(:, :, k) = P_prior;

end

disp ([ num2str(k)]);

end
%% Extracting the estimated states and their uncertainties

Xx_x_est = x_posterior(l, 2:end);
P_x_est = squeeze(P_posterior(l, 1, 2:end)); % Extracting the variance for x
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y_y_est = x_posterior (2, 2:end);
P_y_est = squeeze(P_posterior(2, 2, 2:end));
theta_theta_est = x_posterior (3, 2:end);

P_theta_est = squeeze(P_posterior(3, 3, 2:end));

t = t(2:end);

= x_true(2:end);

y_true (2:end);
th_true (2:end);

x_true
y_true =
th_true =

%% Plotting results
figure;

% For x
% For x
subplot (3,1,1);
fill([t; flipud(t)],
'EdgeColor', 'mone');
hold on;
plot (t,
title('Error
xlabel (' Time
ylabel ('Error

[3*sqrt (P_x_est);
% Shaded region
x_x_est'-x_true, 'b', !
in x with EKF');

[s]1");

[m]");

t, 3*sqrt(P_x_est), 'r--

legend('3-sigma bound', 'Error', '3-sigma upper bound',
% For y

subplot (3,1,2);

£fi11([t; flipud(t)], [3*sqrt(P_y_est); flipud(-3*sqrt(P_y_est))],
'EdgeColor', 'mone'); % Shaded region

hold on;

plot(t, y_y_est'-y_true, 'b', t, 3*sqrt(P_y_est), 'r--'
title('Error in y with EKF');

xlabel ('Time [s]');

ylabel ('Error [m]');

legend('3-sigma bound', 'Error' '3-sigma upper bound',

% For theta
subplot (3,1,3);

£fi11([t; flipud(t)], [3*sqrt(P_theta_est);

[t 0.8 0.8], 'EdgeColor', 'mone'); % Shaded region

hold on;

plot(t, wrapToPi(theta_theta_est'-th_true), 'b', t,

t, -3*sqrt(P_theta_est), 'r--');

title('Error in \theta with EKF');

xlabel ('Time [s]');

ylabel ('Error [rad]');

legend('3-sigma bound', 'Error' '3-sigma upper bound',

%% plot the individual axis for x, y, theta:
figure;

% For x

subplot (3,1,1);

plot(t, x_true, 'b', t, x_x_est);

title('x with EKF');
xlabel (' Time [s]');
ylabel ('x [m]');

legend('x true', 'x estimate');
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flipud (-3*sqrt(P_x_est))],

3xsqrt (P_theta_est), '

% Extracting the variance for y

[1 0.8 0.8],

, t, -3xsqrt(P_x_est), '

'3-sigma lower bound');

[t 0.8 0.8],

, t, —-3*xsqrt(P_y_est),

'3-sigma lower bound');

flipud (-3*sqrt (P_theta_est))],

r--',

'3-sigma lower bound');

% Extracting the variance for theta

r--");

fr-=");
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YA

For y

subplot (3,1,2);

pl
ti
x1
yl
le

A

ot(t, y_true, 'b', t, y_y_est);
tle('y with EKF');

abel ('Time [s]');

abel('y [m]');

gend('y true', 'y estimate');

For theta

subplot (3,1,3);

pl
ti
x1
yl
le

Dt
)
v
V.
V.

op

fi
fi
se
YA

ax
x1

yl

yA
pl
ho

YA
h_
h_
%o
yA
%
A
yA
pl
ho

h_
h_

hh

ot(t, th_true, 'b', t, theta_theta_est);

tle('\theta with EKF');

abel ('Time [s]');

abel('theta [radl');

gend ('theta true', 'theta estimate');

Animation

= VideoWriter('lost_in_the_woods_animation_best_result_with_lidar.mp4', 'MPEG-4');
FrameRate = 10; 7 Optional: Set the frame rate (default is 30 frames per second)

Quality = 50; % Optional: Set the
en(v);

gure;
g = figure;

t(fig, 'Position', [100, 100, 1120
% Set the axis limits

is equal;

im([min(x_true) - 1, max(x_true) +
im([min(y_true) - 1, max(y_true) +

Plot static landmarks

ot (landmarks (:,1), landmarks(:,2),

1d on;

Initialize animated lines for true

true_path = animatedline('Color ',

est_path = animatedline('Color', '
Optional

h_open_loop_path = animatedline ('C

Plot initial positions

Plot static landmarks
ot (landmarks (:,1), landmarks(:,2),
1d on;

true = plot(x_true(1l), y_true(l),
est = plot(x_x_est(1), y_y_est (1),

'MarkerFaceColor', 'r'); % with infi
Optional
h_open_loop = plot(x_open_loop (1,

%

'MarkerSize', 6, 'LineWidth', 2);

hh
%

P_
v
a_
b_

Initial 3-sigma covariance ellipse
2x2 = P_posterior(1:2, 1:2, 1);

, D] = eig(P_2x2);

sigma = sqrt(D(1,1))*3; 7 3-sigma
sigma = sqrt(D(2,2))*3; % 3-sigma

angle = atan2(V(2,1), V(1,1));

quality (0 to 100, higher is better quality)

, 8401); % [left bottom width height]

11);
11);

'k.', 'MarkerSize', 50);

and estimated paths

'b', 'LineWidth', 0.5);

r', 'LineWidth', 0.5);

olor', 'g', 'LineWidth', 0.5);

'k.', 'MarkerSize', 10);

'bo', 'MarkerSize', 6,

'ro', 'MarkerSize',6 6,

11 added

1), x_open_loop(2, 1),

semi-major axis
semi-minor axis
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'LineWidth', 2);
'LineWidth', 2) %,

lgol’
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ellipse_t = linspace (0, 2*pi, 100);

ellipse_x = x_x_est (1) + a_sigmax*xcos(ellipse_t)*cos(angle) -
b_sigma*sin(ellipse_t)*sin(angle);

ellipse_y = y_y_est(1l) + a_sigma*cos(ellipse_t)*sin(angle) +
b_sigmax*sin(ellipse_t)*cos (angle);

ellipse_h = plot(ellipse_x, ellipse_y, 'Color',
% addpoints(h_ellipse, ellipse_x (1), ellipse_y(1));

]

%% Optional
% Initialize a placeholder for the lidar position plot
h_lidar = plot(0, 0, 'mo', 'MarkerSize', 6, 'LineWidth', 2); % 'm'

% Initialize lines for range to landmarks

r', 'LineWidth', 2);

for magenta color

h_landmark_lines = gobjects(size(landmarks, 1), 1); % Placeholder for line handles

for 1 = 1:size(landmarks, 1)
h_landmark_lines (1) = line([O, O], [0, 0], 'Color', 'g', 'LineWidth', 2);
end
%
% Set the axis limits
axis equal;
x1im ([min(x_true) - 1, max(x_true) + 1]1);
ylim([min(y_true) - 1, max(y_true) + 1]);
legend ('Landmarks', 'True Position', 'Estimated Position', '3-sigma Covariance

Ellipse');
title ('EKF Robot Localization');

% Animation loop

for k = 2:1length(t)
% Update true and estimated robot positions
h_true.XData = x_true(k);
h_true.YData = y_true(k);

h_est.XData = x_x_est(k);

h_est.YData = y_y_est(k);
%% Optional
A h_open_loop.XData = x_open_loop(1l, k);
A h_open_loop.YData x_open_loop (2, k);

% Update paths using animatedline

addpoints (h_true_path, x_true(k), y_true(k));

addpoints (h_est_path, x_x_est(k), y_y_est(k));
%% Optional
% addpoints (h_open_loop_path, x_open_loop(l, k), x_open_loop(2,
Nt

% Update 3-sigma covariance ellipse

P_2x2 = P_posterior(1:2, 1:2, k);

[V, D] = eig(P_2x2);

a_sigma = sqrt(D(1,1))*3; % 3-sigma semi-major axis

b_sigma = sqrt(D(2,2))*3; ) 3-sigma semi-minor axis

angle = atan2(V(2,1), V(1,1));

ellipse_x = x_x_est(k) + a_sigma*cos(ellipse_t)*cos(angle) -

b_sigma*sin(ellipse_t)*sin(angle);
ellipse_y = y_y_est(k) + a_sigma*cos(ellipse_t)*sin(angle) +
b_sigma*sin(ellipse_t)*cos (angle);

% for n = 1:100
% addpoints(h_ellipse, ellipse_x(n), ellipse_y(n));
YA end

ellipse_h.XData ellipse_x;
ellipse_h.YData = ellipse_y;

%% Optional
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% % Compute the position of the lidar based on the robot's estimated position
orientation
lidar_x = x_x_est(k) + d * cos(x_posterior(3, k));
lidar_y = y_y_est(k) + d * sin(x_posterior (3, k));

% Update the lidar's position plot
h_lidar.XData = lidar_x;
h_lidar.YData lidar_y;

% Plot range to landmarks
% Plot range to landmarks using estimated bearing and range data
for 1 = 1:size(landmarks, 1)
if r(k, 1) > 0 && r(k, 1) < rmax
end_x = lidar_x + r(k, 1) * cos(b(k, 1) + x_posterior(3, k));
end_y = lidar_y + r(k, 1) * sin(b(k, 1) + x_posterior(3, k));
h_landmark_lines(l).XData = [lidar_x, end_x];
h_landmark_lines(1l).YData = [lidar_y, end_y];
else
h_landmark_lines (1) .XData = [];
h_landmark_lines(l).YData = [];
end
end

hh
drawnow; % Refresh the plot

frame = getframe(fig); 7% fig gets the current figure handle
writeVideo (v, frame);

end
close (V) ;
hold off;

% Functions
Function to plot an ellipse
function plotEllipse(xCenter, yCenter, a, b, angle, varargin)
t = linspace (0, 2*xpi, 100);
RotMatrix = [cos(angle) -sin(angle); sin(angle) cos(angle)];
xy = [a*cos(t); bxsin(t)];
xy = RotMatrix*xy;
plot(xy(1,:) + xCenter, xy(2,:) + yCenter, varargin{:});
end

function updateEllipse(h, x, y, P)
[V, D] = eig(P);
a sqrt(D(1,1))*3; I 3-sigma semi-major axis
b sqrt(D(2,2))*3; J 3-sigma semi-minor axis
angle = atan2(V(2,1), V(1,1));
t = linspace(0, 2xpi, 100);

ellipse_x = x + a*cos(t)*cos(angle) - bxsin(t)*sin(angle);
ellipse_y = y + axcos(t)*sin(angle) + bxsin(t)*cos(angle);
hold on;

set(h, 'XData', ellipse_x, 'YData', ellipse_y);

end

function h = plotEllipse(x, y, P, varargin)
% PLOT ELLIPSE plots a 3-sigma covariance ellipse given a mean and covariance
% x, y: mean position
% P: 2x2 covariance matrix
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end

% varargin: additional plotting parameters, e.g., 'Color', 'LineWidth'

[V, D] = eig(P);
a = sqrt(D(1,1))%*3; ) 3-sigma semi-major axis
b = sqrt(D(2,2))*3; /), 3-sigma semi-minor axis

angle = atan2(V(2,1), V(1,1));
t = linspace(0, 2xpi, 100);

ellipse_x = x + a*cos(t)*cos(angle) - b*sin(t)*sin(angle);
ellipse_y = y + a*cos(t)#*sin(angle) + bxsin(t)*cos(angle);
hold on;

h = plot(ellipse_x, ellipse_y, varargin{:1});

function theta_wrapped = wrapToPi(theta)

end

% Wrap angle in radians to [-pi, pil
theta_wrapped = mod(theta + pi, 2*pi) - pi;
% Handle the edge case where the result is -pi

% by setting it to pi
theta_wrapped(theta_wrapped == -pi) = pi;
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